We derive the low energy effective action of lightly doped two-leg t-J ladders with the help of slave fermion technique. The continum limit of this model consists of two kinds of Dirac fermions which are coupled to the O(3)
I. INTRODUCTION
The properties of ladder systems described by t-J and Hubbard models have been the subject of intensive studies recently [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] . The reason is that there are systems such as (V O) 2 P 2 O 7 [12] and SrCu 2 O 3 [13] which can be the possible realization of these models. Experiments on magnetic susceptibility and neutron inelastic scattering show the existence of a finite spin gap. Moreover, a recent measurement shows the sign of superconductivity in the doped spin ladders [14] . Therefore, the study of these systems can offer new insights into the nature of magnetic, charge density, and pairing correlations in strongly correlated electron systems.
The undoped ladder systems show unusual magnetic behaviors. When the number of chains is even, there is a spin gap. When it is odd, the spin excitation is gapless. This can be easily understood by considering the limit of strong rung interactions. For two-leg ladders, since the spins on every rung forms a singlet first in this limit, it can be considered as a set of weakly coupled rung singlets. The spin excitation is formed by turning over one spin on a rung and this costs finite energy. Along the same reasoning, a three-leg ladder is effectively equivalent to a spin-1/2 chain and the latter has gapless spin excitations. Numerical studies [15] show that the spin gap for two-leg ladders persists even at the experimentally interested isotropic point. (By this we mean that the rung interaction is equal to the intrachain interaction.) This indicates that even at the istropic point, the rough picture of a ground state dominated by rung singlets is robust. People have investigated spin ladders by the semiclassical (large spin) approach [16] . Remarkably, this approach qualitatively captures the basic feature of this system as in the case of spin chains. Besides, in the limit of both strong and weak rung interactions, the spectrum given by the non-linear sigma model is in good agreement with other approximations [17] . This is one of the motivations that we would like to use the semiclassical approach to study the lightly doped case.
The effect of doping on the antiferromagnetism is an important and unsettled issue in strongly correlated electron systems. The main difficulty lies in hole motions, which cause frustration of the antiferromagnetic (AF) order. Theoretically, we have no adequate analytical methods to deal with the competition between charge and magnetic fluctuations because there is no obvious small parameter which facilitates an expansion about a tractable model. In the present paper, we employ the large spin expansion which permits us to map the original model to a continum field theory. And this allows us to tackle the problem with analytical methods due to the 1-d nature of this system. Mean field studies [2] [3] [4] and numerical calculations [7] [8] [9] show that the spin gap in undoped two-leg ladders still persists at low doping concentration. This implies that the underlying short-ranged AF order is not destroyed too much by hole motions as the doping concentration is low. Thus, after we resolve the constraint in the slave fermion representation, we assume that spin variables have a short-ranged AF order. This leads to the t ′ − J model proposed by Wiegman, Wen, Lee, and Shankar [18] . Because of this background AF order, it is natural to say that there are two kinds of holes (on A and B sublattices) with opposite sign of (ficticious) charges and they are coupled to the staggered magnetization through the Berry phase. In contrast to previous studies, we keep the nearest-neighbor attractive four-fermion interactions between A and B holes. This attractive force can be understood as the following: the energy of two holes on the same spin singlet is lower than that of two holes on different singlets. And this is equivalent to an attractive force between holes on different sublattices. We discuss the effect of the gauge coupling first. To study the low energy physics we can linearize the dispersion relation of fermions about the fermi points . It turns out that we have four branches of massless Dirac fermions because there are two chains in our system. From the study of Schwinger model, we know that massless Dirac fermions will screen the long range Coulomb force or give a mass term to the gauge field because of the chiral anomaly. Therefore, our effective theory is in the Higgs phase. In the CP 1 language, the spin excitation is the massive spin-1/2 z-quantum. An arguement due to Witten (see section three) shows that one of the collective modes must acquire mass, too. This enhances the superconductivity (SC) instability and the low energy effective theory contains three gapless modes. Then we consider the nearest-neighbor attractive four-fermion interactions. The result is that we have only one gapless charge mode and the gauge field is in the confining phase. The latter implies that all spin excitations are massive and the spin gap still exists at low doping concentration. These are signatures of CDW or SC. We compare the exponents of pairing correlation function and 4k F CDW susceptibility. In our approximation, the exponent of the former is smaller than that of the latter. Therefore, a weak interladder interaction will lead to SC, which has been predicted by other approaches [2] [3] [4] [7] [8] [9] . Our analysis indicates that these two types of attractive forces play different roles in two-leg t-J ladders. While the formation of spin gap and spin-hole bound states are due to the gauge interaction, fourfermion interactions between A and B holes is responsible for the pairing between holes. In addition, inclusion of the latter drastically changes the low energy properties of doped ladders such that they fall into the universality class of Luther-Emery model [19] . Our results confirm the conclusions from numerical studies [9] .
The rest of the paper is organized as follows. In section two we derive the low energy effective action. In section three we discuss the implications of this action. We study the effect of gauge interaction in subsection A. In subsection B we take into account the fourfermion interaction between A and B holes. Section four is our conclusion.
II. DERIVATION OF THE EFFECTIVE ACTION
Since the first part of our derivation is valid for general t-J models, we will not write down the ladder index explicitly until it is necessary. We start from the following model
where i, j means the nearest neighbor sites, X ab ≡| a b |, which are introduced by Hubbard and | a =| 0 , |↑ , |↓ corresponding to the empty site and spin-up (spin-down) sites. Since transitions between empty and occupied states include a change in the fermonic number, the operators X σ0 (i), X 0σ (i) are fermonic and the operators X σσ ′ (i), X 00 (i) are bosonic. It is easy to check that they satisfy the following graded Lie algebra called Spl(1, 2):
where (+) should be used only if both operators are fermonic. In the limit of zero doping, ǫ d → −∞ and the model is reduced to the spin-1/2 Heisenberg model. There are two kinds of representations of the above graded Lie algebra -slave fermion and slave boson. We adopt the former and introduce a vacuum state annihilated by operators f i and b σ (i). Then the X-operators can be represented as follows
Here f i , f + i satisfy anticommutation relations and b σ (i), b + σ (i) satisfy commutation relations. To use the large spin expansion, we replace the above constraint with this one
, which is called the spin-s representation of Spl (1, 2) . Now the Hubbard operators represent transitions between states | s and | s−1/2 . With the help of eq.(3), we can write down the path integral representation of the t − J model
Based on the property of Grassmann variables: (f + f ) 2 = 0, we can resolve the constraint in the measure as the following
where − → S = (S − 1 2 f + f )Ω and Ω = (sin θ cos φ, sin θ sin φ, cos θ). With the new variable Ω, we can rewrite the partition function as follows
where t ≡ 2St and J ≡ 4JS 2 . (Note that when S = 1/2, t = t and J = J.) Ω 1 | Ω 2 S represents the overlap of two spin-S coherent states, | Ω 1 and | Ω 2 . − → A (Ω) is the monopole vector potential, which satisfies ▽ × − → A = Ω. (Here we have chosen the gauge such that − → A · ∂ τ Ω = − cos θ∂ τ φ and χ is independent of τ .)
Now we focus ourselves on two-leg t − J ladders. Using the notation of eq.(6), the action can be written as follows
where m = 1, 2 is the chain index. To proceed, we have to make some assumptions. First of all, we assume that there is a short-ranged AF order such that we can parametrize Ω j,m as the following
where − → n 2 = 1, − → n · − → L m = 0 and a is the lattice spacing. − → n is the order parameter and − → L m are the fast modes which will be integrated out. This assumption is valid in the semiclassical limit and undoped case [16] . We believe it is still a good assumption when the hole concentration is low because of the existence of spin gap, which is confirmed by numerical calculations [7] [8] [9] . Moreover, the validity of this assumption depends on the ratio of J/t. ( Here we only consider the isotropic case.) As has been noticed in ref. [9] , the Nogaoka theorem is applicable in ladder systems. This theorem says that the one-hole ground state is ferromagnetic at J = 0. This phase may be stable when J/t is very small [11] . Besides, numerical studies [7] [8] [9] show that the phase separation occurs when J/t > 2. Therefore, we expect eq.(8) is supposed to be a good starting point when the ratio of J/t is order of one and the hole concentration is low. This is the parameter region we would like to discuss in the present paper. Because of the background AF order, the original lattice is divided into two sublattices and it is natural to have two kinds of holes. We will call them A-holes and B-holes when j + m is even and odd, respectively. An immediate consequence of eq.(8) is that the hole cannot hop coherently between different sublattices, i.e. the intersublattice hopping is forbidden. tand t ⊥ -terms are effectively removed from the low energy effective Hamiltonian. Their effects are to renormalize the parameters in low energy physics. It seems that the hole can hop coherently between the same sublattices. However, the question of whether the hole can have coherent hopping is related to whether we have well-defined quasiparticles in low energy. As pointed out in ref. [21] , the latter depends on the density of states of spin waves in low energy. It turns out that there can be no well-defined quasiparticles in one dimension if the spin excitation is gapless. Fortunately, there is a spin gap in our system. We have well-defined quasiparticles when the energy is below this gap. This is also confirmed by numerical studies [9] . Thus, we can introduce t ′term in our model to represent the coherent hopping. (According to numerical calculations [9] , t ′ is of the same order as J.) Substituting eq.(8) into eq.(7) and expanding the action to the quadratic terms of − → L m then integrating out − → L m , we get to the following effective action
and
where
, and δ is the hole concentration. In the derivation of above eqs., we have used a property of spin coherent states:
It is clear that A and B holes carry opposite sign of charges because they are on different sublattices in which the staggered magnetizations have opposite directions. Eqs. (9) and (10) are the low energy effective action we would like to discuss in the next section.
III. EXCITATION SPECTRUM
To discuss the low energy physics, we linearize the dipsersion relation of fermions about their fermi points, which satisfy k F a = π 2 (1 − δ). ( We have assumed that the Hamiltonian is invariant when we interchange the chain index and A and B holes. Besides, remember that a is the lattice spacing of the original lattice.) After doing that, H 0 becomes
where v 0 = 4t ′ a sin 2k F a = 4t ′ a sin πδ is the fermi velocity, ψ is the Dirac fermion, and α = σ 3 . Now we can analyze the effects of different interactions.
A. The Effect of Gauge Coupling
We set H 1 = H 2 = 0 first. Then we rescale the imaginary time: v 0 τ → τ and do analytical continuation to the real time formalism. The effective action is
and I n has the same form as the one in eq.(9) and γ µ is the Dirac γ-matrices. Here A µ are the external electromagnetic fields. In terms of the Mandelstam formula, I 0 can be bosonized as the following
We define φ ±,m ≡ 1
. Then I 0 can be written as
The above action can be further simplified if we define the following fields
With the help of the above canonical transformation, we obtain the following low energy effective action
It is easy to see that Φ 1 , Φ 2 , and Φ 4 describe gapless modes. Only the Φ 3 -field is coupled to the staggered magnetization. Let us study spin excitations first. Integrating out Φ 3 will give a mass term to the gauge field, i.e. the long range Coulomb force is screened. The gauge field is in the Higgs phase. Therefore, the excitation will be the massive spin-1/2 z-quantum. What about the Φ 3 sector? Integrating out z-fields will give the effective action of the Φ 3field. Since eq.(16) is invariant under the transformation:
d 2 x ǫ µν ∂ µ a ν is an integer.) the interaction of the Φ 3 -field must be the form: cos 8 √ πnΦ 3 where n is an integer. Then the infrared behavior depends on whether these interactions are relevant or not. We follow an arguement due to Witten [20] shows that at least one of the cosine terms must be relevant. Since the gauge field is massive, the electric field at spatial infinity must be zero. By integrating Gauss's law from −∞ to +∞, it follows that all configurations are neutral. Now, the z-quantum is free and has charge 1. The compensating charge must come from the hole sector. If the cosine in question is relevant, it is easy to see that its solitons carry exactly the charge needed to match the charge of the z-quantum. Thus, the excitations corresponding to the Φ 3 sector are massive and decoupled from the low energy theory.
After identifying the spectrum, we would like to examine the pairing correlation function. Because of the spin gap, the pair-field of singlet SC can be defined as the following
Since the correlation functions of Φ 3 decay exponentially, the long distance behavior of the pairing correlation function can be calculated by the following operators:
where Θ α is the dual field of Φ α . The pairing correlation function behaves as ∆(j)∆ + (0) |j|→∞ −→ 1 |j| 3/2 . Compared with the one of free fermions, which behaves like 1 |j| 2 , we see that the pairing susceptibility is enhanced.
To sum up, if we consider the gauge coupling only, then the low energy effective Hamiltonian consists of three gapless modes and the spin excitation is the massive doublet. However, these results are completely different from those of numerical studies, which contains one gapless mode only. We will see in the next section the importance of taking into account H 1 and H 2 to get the correct low energy properties.
B. The Role of H 1 and H 2
Here we take H 1 and H 2 into account. The continum limit of them are as follows 
where g 1 = 2Ja/v 0 , g 2 = J ⊥ a/v 0 and ψ L,R are left-handed and right-handed fermions, respectively. With the same convention used in the previous section, the bosonized forms of the above eqs. are as follows
We can do the following canonical transformation to diagonalize the quadratic part of the Hamiltonian
The parameters in the above eqs. are as follows
These relations are valid only in the weak coupling limit. In our case, this corresponds to the large spin limit. (Remember that t ′ (= 2St ′ ) appears in the denominator of the definition of g i .) We can see that K 1 < 1 and K 3 > 1 because g i > 0. (This corresponds to the attractive force between holes.) The effective Hamiltonian of the hole sector is
The relevancy of these interactions is determined by their scaling dimensions. They are ∆ 1 = 1 K 3 + 1 K 4 and ∆ 2 = 1 K 2 + 1 K 3 , which correspond to g ′ 1 -and g ′ 2 -term, respectively. From eq.(22), K 2 < 1 and K 4 > 1 at the isotropic point. This implies ∆ 1 < 2. Therefore, g ′ 1 -term is a relevant operator in the sense of renormalization group (RG). Φ 3 -and Φ 4 -field are pinned at some values and both acquire gaps. They are decoupled from the low energy theory. Taking into account these facts, the effective Hamiltonian becomes
where g = 2g ′ 2 cos 4π K 3 Φ 3 . In the large spin limit, K 2 > 1/2. Thus the scaling demension of g-term is less than two. It is a relevent operator. The Φ 2 -field is also massive. In the low energy limit, we obtain our effective Hamiltonian as the following
Now we would like to discuss the implications of our results. First of all, the low energy effective Hamiltonian consists of a gapless mode and from eq.(21), this mode describes the total charge density fluctuation. Furthermore, there is only one free parameter K 1 , the compactification radius of Φ 1 -field, which has to be determined from experiments. This supports the suggestion proposed in ref. [9] . Second, since the Φ 3 -field is pinned at some value, it can not affect the non-linear sigma model too much. Especially, it is unable to screen the long range Coulomb force. As a result, the gauge field is still in the confining phase. This leads to two types of spin excitations. One is the bound state of z quanta, which is the same as the magnon in the undoped case. The other is the bound state of holes and z quanta, which carries the same quantum numbers as the electron. In fact, this excitation can be considered as the breaking of a hole pair and we have two quasiparticles. Each carries electric charge one and spin one-half and the size is roughly equal to the inverse of the confining scale. The latter is also observed in ref. [9] . In that paper, Troyer et al. find that the spin gap is determined by the bound state of spinons and holons. We cannot compare the gaps of these excitations in our approach. However, we give a picture about the formation of the unexpected spin excitation. The Berry phase term gives rise to the necessary attractive force between spinons and holons. Since this force is a gauge interaction and the latter in 1d is a linear confining potential, this results in bound states of spinons and holons.
After we understand the spectrum, we can calculate the asymptotic behavior of various correlation functions. The most important ones are pairing and CDW correlation function. The definition of the pair-field is the same as eq.(17). The long distance behavior of the pairing correlation function can be calculated by the operator
because other fields are massive. The result is
Next we shall examine the 2k F CDW susceptibility. The corresponding order parameter O CDW can be expressed as the product of hole operators and spin operators. As emphasized in the previous paragraph, matter fields do nothing much on the spin part of the effective action. We can find the contributions of spin operators from results of the undoped case. The work of Shelton et al. [22] showed that the low energy theory of two-leg ladders is described by four decoupled non-critical Ising models with three of them in the ordered phase and one in the disordered phase (or vice versa). Moreover, the spin part in O CDW can be expressed in terms of the order (σ) and disorder (µ) parameter fields of the Ising model as 
then
In the second line of eq.(28), we keep the gapless mode only. From eqs. (27) and (29), it is clear that SC dominates when K 1 < 2 and CDW dominates when K 1 > 2. In the large spin limit, K 1 ≈ 1. Therefore, we conclude that SC susceptibility dominates in twoleg t − J ladders and a weak interladder interaction will lead to superconductivity at low temperature. Also the exponents of pairing and CDW susceptibility satisfy the relation: K SC · K CDW = 1. We arrive at the same conclusions as previous numerical investigations. Although we heavily rely on the large spin approximation, our results should capture the basic feature of the system with spin one-half.
In summary, after we take H 1 and H 2 into account, the low energy effective Hamiltonian only consists of one gapless charge mode, which describes the charge density fluctuation. The spin excitations are electron-like quasiparticles and magnons and both have energy gaps. The 2k F CDW susceptibility shows exponentially decaying behavior while those of 4k F CDW and singlet SC both show power-law behavior. With the above results, we conclude that lightly doped two-leg ladders fall into the universality class of Luther-Emery model. In addition to these, this phase is dominated by singlet SC susceptibility according to our analysis.
IV. CONCLUSION
Anderson has proposed that the spin liquid state may evolve into a superconductor upon doping. However, it has been proved nortoriously difficult to have any concrete analytic result to confirm this idea in 2D. A doped spin ladder may provide a good place to study this mechanism though there is no true long range order. Because the undoped two-leg ladder is a kind of spin liquid state and it is simpler to deal with this problem no matter analytically or numerically. People have proposed a model to describe the doped spin liquid state by coupling holes to the non-linear sigma model and the gauge interaction between A and B holes provides the necessary attraction for pairing. Our approach is basically to apply the same idea to ladder systems. In contrast to previous studies, the gauge interaction play a minor role on the formation of hole pairing in two-leg t − J ladders. It is mainly due to the effective attraction between the nearest-neighbor holes. Therefore, upon doping, these holes are inclined to stay on the same prexisted singlets. Although this may be a characteristic of two-leg ladders exclusively, this point deserves further examination in higher dimensions. Nevertheless, this gauge interaction is responsible for an unexpected type of excitations, which carries the same quantum numbers as electrons. This is different from the usual Tomonaga-Luttinger liquid in which there can be no elementary excitations with the same quantum numbers as electrons. We have to emphasize that both the effective attraction of nearest-neighbor holes and gauge interaction are due to the short-range AF background, which is originated from strong repulsive interactions between electrons.
The most important assumption we made is eq.(8). This is fine for undoped case but may be exclusively for lightly doped two-leg ladders. Besause the spin wave in the undoped threeleg ladder is gapless. Then the distortion of the short-range AF background arising from hole motions will be serious such that eq.(8) may be far from the real situation. As has been shown in ref. [10] , upon doping, the three-leg t − J ladder has two components-a conducting Luttinger liquid coexisting with an insulating spin liquid phase. In order to discuss its low energy physics in the same spirit as the present paper, we need more understanding about the ground state of the undoped case and the behavior of holes in this ground state. Work along this line is under progress.
